We give an elementary solution of the index problem for elliptic operators associated with the shift operator along the trajectories of an isometric diffeomorphism of a closed smooth manifold. This solution is based on a reduction (which preserves the index) of the operator to an elliptic pseudodifferential operator on a manifold of a higher dimension and an application of an Atiyah-Singer type formula. The final index formula is given in terms of the symbol of the operator on the original manifold.
Introduction
Elliptic theory for operators with shifts associated with group actions on smooth manifolds is developing intensively in recent years. This theory (especially in its analytical aspects) goes back to the works of Antonevich and his coworkers, see [1] [2] [3] and the references there. In these works finiteness theorems (Fredholm property) were obtained in sufficient generality, and there emerged the problem of finding a formula for the index in terms of the topological invariants of the symbol of the operator and the manifold, on which this operator is defined. First attempts to solve this problem were also made in the papers of Antonevich, at least, for finite groups (see the papers cited above). In a number of special cases (namely for operators on the noncommutative torus, etc.) index formulas were obtained, for instance, in the papers [4] [5] [6] [7] . In the general case, when a discrete group of a quite general form is acting on a manifold isometrically, the index formula was established in the book [8] . In the nonisometric case, for the group generated by a diffeomorphism of a manifold, the index formula was shown in a recent paper [9] . Note that, in all these papers, the proofs of the index formulae were highly nontrivial and involved complicated mathematical results, notions and constructions in noncommutative geometry and algebraic topology.
Recently, the authors (see [10, 11] ) used the idea of uniformization and succeeded in reducing the index problem for an operator with shifts to a similar problem for a pseudodifferential operator on a manifold of a higher dimension. The index of the latter operator is computed by the well-known Atiyah-Singer formula. This approach is attractive, because it is quite elementary and does not need the complicated mathematical techniques mentioned above. However, the question of finding an index formula for the original operator in terms of its symbol on the original manifold was left open in the cited paper. Here we fill this gap and give an elementary solution of the index problem in the considered class of operators.
We now briefly describe the contents of the paper. In Section 1 we formulate the main result: we express the index of an elliptic operator with shifts, associated with an isometric diffeomorphism of a smooth manifold, in terms of topological invariants of the operator's symbol. Note that this index formula is given in terms of the noncommutative geometry of A. Connes [12] .
Sections 2-4 are devoted to the proof of the index formula. In Section 2 we briefly recall the main results of the papers [10, 11] . Namely, to an elliptic operator with shifts on a manifold we assign an elliptic differential operator on a different closed manifold (actually, this manifold is the mapping torus of the diffeomorphism, which defines the shift). The index of the operator obtained is calculated using an Atiyah-Singer type index formula (cf. [13] ). Thus, to prove our index formula, it remains to transform an Atiyah-Singer type formula to a noncommutative-geometric formula. This is done in Sections 3 and 4. Without going into the technicalities of this transformation, let us note that Section 4 is crucial here: we introduce a large parameter in the Atiyah-Singer formula 1 and the noncommutative geometric formula is obtained as the parameter tends to infinity. The technique we apply is conceptually close to asymptotic homomorphisms, which are widely used in noncommutative geometry and elliptic theory (e.g., see [14] [15] [16] ).
1 The Index Theorem
The Analytical Index
Let M be a smooth manifold and g : M → M be a diffeomorphism. We assume that g is an isometry, that is, it preserves a Riemannian metric on M.
Consider the operator
where D k are (for simplicity) differential operators of order one on M.
The symbol of the operator D (see e.g. [3] ) is a function on the cotangent bundle T * M, whose value at the point (x, ξ) ∈ T * M is the bounded operator
which acts on the space of square summable sequences. Here T u(n) = u(n+ 1) is the shift operator on the space of sequences, and ∂g = (
The operator D is elliptic if the symbol σ(D)(x, ξ) is invertible for all x and ξ = 0.
Proof. If g acts topologically freely, then the Fredholm property was proved in [3] . The proof in the general case is similar (see e.g. [8, 17] ).
Operators of the form (1.1) are called operators with shifts.
The Topological Index
To describe the basic properties of the symbol, we introduce the subalgebra
in the algebra of operators acting on the space l 2 (Z).
The algebra S is a Fréchet algebra with respect to the family of seminorms
and is a local subalgebra in the algebra of bounded operators acting in l 2 (Z).
2. The symbol (1.2) defines a smooth S-valued function
on the cosphere bundle S * M.
3. The symbol is invariant under the action
of the group Z on the algebra C ∞ (S * M, S). The invariance property can be written in terms of matrix coefficients as
Proof. Actually, we have an isomorphism S ≃ l ∞ (Z) ⋊ Z of the algebra S and the smooth crossed product of the algebra l ∞ (Z) of bounded sequences and the group Z under the action of Z by translations of sequences. Thus, we can apply the results of the paper [18] and obtain the first statement. The remaining statements are straightforward.
Provided that the operator D is elliptic, its symbol is invertible and the inverse symbol
Z stands for the subspace of Z-invariant symbols. We now define a cycle in the sense of Connes [12] over the algebra A = C ∞ (S * M, S) Z . The components of this cycle are:
Z is the algebra of Z-invariant differential forms taking values in S.
d
: Ω → Ω is the differential, which is defined componentwise
where Td(T * C M) is a g-invariant differential form on M that represents the Todd class of the complexified cotangent bundle. 
for all forms ω, ω 1 , ω 2 ∈ Ω.
Proof. It suffices to prove the trace property. Given ω ′ , ω ′′ ∈ Ω, we have:
The cycle over A defines (e.g., see [12] ) the functional
. This functional is called the topological index. 
is the class of the symbol in K-theory and the topolo-
An index formula of this type was first obtained in [8] . However, the proof was quite complicated. In particular, it substantially used K-theory of crossed products (the periodicity theorem and the direct image mapping in equivariant K-theory).
Here we give a direct proof of the index formula based on the ideas of uniformization. Using these ideas, an index formula for D was obtained in the preceding paper [10] in terms of the topological index of a special elliptic pseudodifferential operator (ψDO). To prove Theorem 1.1 we transform the topological index defined in [10] to the form ind t [σ(D)]. For this purpose we recall in the next section the main results of the cited paper, and in the subsequent sections we prove that the topological indices are equal.
Pseudodifferential Uniformization
We recall the main results of the paper [10] in a form convenient for us.
Reduction to a ψDO
Given an elliptic operator D of the form (1.1), we extend the isometry g : M → M to an isometry of the infinite cylinder M × R with local coordinates x and t
and define the associated shift operator ( T u)(x, t) = u(g(x), t + 1). Consider the operator
on the product M × R and the operator
on the line. Define the external product of the operators D and A:
Here the adjoint operators are taken with respect to the inner product on L 2 (M × R). The isometry g defines a free proper action of the group Z on the cylinder. Thus, the corresponding orbit space is a smooth manifold. We will treat functions on the cylinder as functions on the orbit space taking values in functions on the fibers of the projection
Let E be the vector bundle
over M Z with the fiber l 2 (Z). Here the group Z acts as
a differential operator with the operator-valued symbol
Here the measure is defined as µ ξ,τ,s (n) = (ξ 2 + τ 2 + n 2 ) s , and the space l 2 consists of the sequences square summable with respect to this measure. Note that the symbol (2.4) is not homogeneous in the covariables ξ, τ .
The operator (2.3) is elliptic, if its symbol (2.4) is invertible for large ξ 2 + τ 2 , and the norm of the inverse symbol is uniformly bounded in x, t, ξ, τ . It is proven in [11] that if the original operator D is elliptic, then the differential operator D is elliptic, the operators D#A and D are Fredholm operators in suitable spaces of functions and one has:
The index ind D was expressed in the cited paper by an Atiyah-Singer type formula, which we now describe.
The Index of the ψDO D
The space of End E-valued differential forms on the cosphere bundle S * M Z of a sufficiently large radius R is denoted by Ω(S * M Z , End E). This algebra is endowed with the differential d satisfying the Leibniz rule (the differential is well defined, because E is a flat bundle). The operation of taking the trace of an operator in l 2 (Z) gives a (partially defined) mapping
The topological index of an elliptic symbol σ = σ(D) is the number 6) where [. . .] top stands for the top degree component (that is, of degree 2 dim M + 1). We suppose here that M Z is endowed with a metric of the form h + dt 2 , where h is a ginvariant metric on M. In this case, because of the fact that g is isometric, this metric is well defined and we have equality
of differential forms that represent the Todd classes of the complexified cotangent bundles of the manifolds M and M Z .
It is proven in the paper [11] that (2.6) is well defined and we have the equality
By (2.5) and (2.7), to prove Theorem 1.1 it suffices to prove the equality
of the topological indices of the original operator with shifts D and the ψDO D.
3 The Topological Indices of the Operators with Shifts on M and M × R are Equal
Similarly as in Section 1, we define the topological index for operators of the form
on the product M × R, where the shift operator T was defined above. Here the operators B k are differential operators in the variables x, t with coefficients polynomial in t and smooth in x. The operator D#A is an example of operators of the form (3.1). The symbol σ(B) of the operator B is a smooth operator-valued function on the cosphere bundle S(T * M × R 2 ) and is considered as the element (see [10, 11] )
Note that, by contrast with (3.1), here the group action is trivial along the variables t, τ . By analogy with the above, we define a cycle over the algebra
and the corresponding topological index
Moreover, to define this topological index, we use the same differential form Td(T * C M) as in (1.4).
Proposition 3.1. The following equality holds:
Proof. Indeed, we have
where on the right-hand side we have the external product of the symbol σ(D) and the Z-invariant symbol σ(A) (cf. (2.1) ). The topological index (3.3) has the following multiplicative property
with respect to the external product. The proof of this property is standard (e.g., see [8] , p. 107, Lemma 9.10), and we omit the details here. Further, we have ind t σ(A) = 1, since
is the Bott element. Using (3.5) and (3.6) we obtain the desired equality (3.4). 4 The Topological Indices of the Operator with Shifts on M × R and ψDO on M Z are Equal
The purpose of this section is to obtain the equality
of the topological indices of the operator with shifts D#A on M × R and the ψDO D on the quotient M Z = (M × R)/Z.
A Reduction to the Unit Sphere Bundle
The left and right-hand sides in the desired equality (4.1) are defined by the symbols σ( D#A) and σ(D), respectively. By construction, the components of these symbols satisfy the relation
where α is the mapping induced by the diffeomorphism
On the other hand,
Further, the topological index of the symbol σ(D) is determined in terms of integration over the cosphere bundle of a sufficiently large radius R. Consider the mapping h R :
which takes the unit spheres to the spheres of radius R. Thus, the topological index of the symbol σ = σ(D) is equal to
where we integrate over the unit sphere bundle. The right-hand side in (4.3) does not depend on R, since the topological index is homotopy invariant. On the other hand, we will show that the expression on the right-hand side in (4.3) tends to ind t (σ( D#A)) as R → ∞. This will give the desired equality (4.1).
To study the mentioned limit, we first study in detail the mapping, which takes a symbol of the form σ( D#A) to the symbol h * R σ(D) S * M Z , and then, at the end of the section, we prove equality (4.1).
An Asymptotic Homomorphism
Consider the family of mappings
with parameter R ≥ 1. Here α is the mapping of differential forms induced by the diffeomorphism (x, ξ, t, τ ) → (x, ξ, t + 1, τ ). In (4.4) and below we treat differential forms on the cosphere bundle as homogeneous differential forms on the ambient vector bundle. The mapping (4.4) is well defined for all R. Indeed, the smoothness of the resulting operator-valued form ω R is proved by a direct computation; its invariance with respect to the action (1.3) follows, because ω is Z-invariant. We have
which is easy to check, using the fact that the exterior differential d commutes with the induced mappings h * R , α n , and also with the restriction ·| S * M Z .
Remark 4.1. The mapping (4.4) on functions can be written more explicitly:
Let U ⊂ M be a coordinate neighborhood. In the domain T * U × R 2 with the coordinates x, ξ, t, τ consider the space of S-valued forms homogeneous of degree zero and smooth outside the zero section. Denote this space by Ω(T * U × R 2 t,τ , S) and define the following decomposition of this space:
where Ω i,j is the subspace of forms that contain i differentials dt (i = 0, 1) and j differentials dξ, dτ (0 ≤ j ≤ n + 1). Obviously, we have
An operator family a(R) with parameter R ≥ 1, which acts in the space of sequences, is called a family of order k if for each fixed s it is bounded as an operator family acting in the spaces
uniformly in R ≥ 1. The norms in these spaces are defined by the family of measures µ s,R (n) = (n 2 + R 2 ) s .
Proposition 4.1. The mapping (4.4) has the following properties:
1. Given a ∈ Ω i,j , we have
2. This mapping is an asymptotic homomorphism of algebras in the following sense: for any a ∈ Ω i,j and a ′ ∈ Ω i ′ ,j ′ we have
Proof. 1. Let us prove (4.6). We have
where a k is treated as an operator family acting on the space l 2 (Z). In addition, the condition a ∈ Ω(T * U × R 2 , S) implies that the sequence of norms of the elements a k tends to zero faster than any power of k as k → ∞. We have
Let us estimate the norms of the operators in this expression. First, we have
This follows from the estimate
uniformly in R ≥ 1 and k ∈ R. This estimate is easy to obtain by a direct computation. Second, denote the element a k by b for brevity. We get
Denote the norm in the space of differential forms on S * M Z with continuous coefficients (that is, the maximum of the modulus of the coefficients of the form) by · . We will now estimate the norm of the expression (4.12) in the local coordinates x, t, ξ, τ . We write
where the form b Jk (t, ξ, τ ) has only differentials dx and is homogeneous in (t, ξ, τ ) of degree −i − j. Substituting this expression in (4.12), we obtain the following estimate
where t ∈ [0, 1]. Let us go back to (4.9). Each term in this sum is of the form
Moreover, by the estimates (4.10) and (4.13), and the rapid decay of the coefficients a k , this series converges. This shows that the corresponding operator acting on the l 2 -spaces admits the desired representation (4.6).
2. We will now prove (4.7). Let
and also (a
Hence, the expression on the left-hand side in (4.7) can be written out as
Note that the series in (4.14) and (4.15) converge rapidly by the already proved item 1. Denote the subspace of scalar forms similar to Ω i,j (see (4.5)) by
Lemma 4.1. We have the estimate
, m ∈ Z and R ≥ 1. Here on the left-hand side of the inequality we have the norm in the space of differential forms on S * (U × [0, 1]) with continuous coefficients, while b is a seminorm in the space Ω(T * U × R 2 ).
Proof. We will obtain the estimate in the local coordinates x, ξ, t, τ on
where the form b Jk (t, ξ, τ ) has only differentials dx and is homogeneous in (t, ξ, τ ) of degree −i − j. We now get
Let us estimate the norm on the right-hand side in (4.18) . Applying Lagrange's remainder formula and the inequality (4.11), we obtain
where θ ∈ [0, 1]. The inequalities (4.18) and (4.19) give the desired inequality (4.17). The proof of Lemma 4.1 is now complete.
We now estimate the expression (4.16) using (4.17), (4.6) , and the fact that the coefficients a ′ k and a l decay rapidly. We obtain the desired expression (4.7). The proof of Proposition 4.1 is complete.
Proof of the Equality of the Topological Indices
, which we will denote by σ(B), is elliptic and we have ind t σ(B) = ind t σ(B).
Proof. 1. For brevity we will use the notation σ = σ(B), σ(B) = σ R . By Proposition 4.1 the families σ R and (σ −1 ) R are inverses of each other up to families of order −1. This implies that the family σ R is invertible for all sufficiently large R. Hence, the topological index
is well defined. 2. We claim that the following decomposition holds
where the family ε j is of the form
Indeed, let us prove (4.21) using Proposition 4.1. Note that it suffices to obtain this equality in a neighborhood S * (U × [0, 1]), where U ⊂ M is a neighborhood with coordinates x. We decompose the 1-form dσ in U
according to the decomposition (4.5). Then the form on the left-hand side in (4.21) is equal to (σ
where ε is a family of order −1 (here we used Proposition 4.1, item 2). Opening the brackets in (4.23), we represent this expression as a finite sum of monomials, each of which is a product of the elements (σ −1 ) R , ε, a R , b R , c R , and the class Td(T * C M). Consider an arbitrary monomial of this form. Since we consider only the top degree component of this monomial, there is exactly one factor b R and exactly n = dim M factors c R . This fact together with Proposition 4.1, item 1, imply that if the monomial contains at least one factor ε, then this monomial is of the form (4.22). We will not consider such monomials below. Further, in this monomial, we can replace a product of the form x R y R by the expression (xy) R , because the difference of these two expressions is a family of order less by one (Proposition 4.1, item 2) . So, the family (4.23) is equal to
up to a family of the form (4.22). Hence the proof of (4.21) is now complete. 3. We now substitute (4.21) in (4.20) and obtain
Here the second equality follows from Lemma 4.2 below, the third equality is just the definition of the topological index ind t σ(B) (see (3.3)). Finally, the limit is taken as R → ∞. Because ind t σ(B) does not depend on R, we see that (4.25) yields the desired equality (4.1). The proof of Proposition 4.2 is complete.
Proof. 1. Let us prove the estimate (4.26). To this end, let {e k } be the standard orthonormal base in l 2 (Z) (e k (k) = 1 and e k (n) = 0 if k = n). Since the family a(R) is of order m, we get a(R)e k l 2 (Z,µ −m,R ) ≤ C e k l 2 (Z) , ∀k.
Hence, we obtain the inequality |(a(R)e k , e k ) l 2 (Z) |(k 2 +R 2 ) −m/2 ≤ C. This gives the desired estimate of the trace:
This series converges if m < −1, and its sum is easily estimated The proof of the Index Theorem 1.1 is now complete.
